This paper examines numerically the use of arrayed shaped polyvinylidene fluoride film sensors to obtain an estimate of the far-field radiated power from a clamped-clamped Bernoulli-Euler beam excited by a sinusoidal point force. Distributed sensors are designed that are sensitive to the radiated power. Fourier analysis of point and distributed sensor outputs is used to estimate the beam's radiated power. The numerical results of the estimated power obtained from the point and distributed sensors are compared to those predicted by the theoretical model and the performance of the two sensor types is assessed. The results show that the shaped sensors provide a reasonable estimate of the strain transforms over the region of interest, when compared to the exact theoretical predictions, for the first five beam resonance frequencies and for frequencies located approximately midway between resonance frequencies. The distributed sensors also give consistently better predictions of the strain transforms for all frequencies considered when compared to the point sensor results. The power predictions using shaped sensors range from Ϫ1 to 3 dB relative to the exact theoretical results for most of the frequencies analyzed. This contrasts to the 36-68 dB range of relative power estimates using point sensors.
INTRODUCTION
A number of methods exist to obtain the acoustic radiation from a vibrating structure. Examples include an analytical model of the structure to predict radiated power, microphones to perform far-field or intensity measurements, or accelerometers to obtain the structure's vibrational response. A known model assumption has the benefit of not requiring additional financial, weight, or space costs, but normally cannot model the structure completely and lacks the ability to adapt to changes in the system. Using transducers to collect real-time data allows the prediction of radiated power even when system parameters change. If transducers are used, the physical quantity to be measured and the location of the sensors are important considerations.
The radiation from a structure can be determined by placing transducers away from the structure, as is the case when using microphones to record the pressure levels in the surrounding fluid. Unattached sensors have the benefit of having little or no effect on the behavior of the system under consideration and measure only what is radiated when implemented properly. However, locating transducers off the structure is often not suitable due to environmental constraints. Mounting sensors directly on the structure, for instance by using accelerometers, can solve this problem. In addition, this type of sensor is not influenced by secondary pathways and might be better for implementing active control of the structure. Since the desire is to determine the radiated power, transducers that are sensitive to radiation, not simply vibration, are required. One possibility for achieving this is to use distributed sensors mounted to the structure.
Using distributed sensors allows the fabrication of sensors that are sensitive to specific vibrational characteristics of the structure. Work done by Burke on a pinned beam illustrates the use of shaping polyvinylidene fluoride ͑PVDF͒ film, a piezoelectric material, in terms of singularity functions to design a sensor that is sensitive to the beam's velocity or moment at a specific location. 1 Burke demonstrated how a sensor with a given width at one end of the beam that decreases linearly to zero at the other end is sensitive to the beam's moment at the tip with the nonzero film width. Burke has also extended this work to two-dimensional systems. 2 Weighting functions that produce sensors that are sensitive to the modal vibration of a structure were demonstrated by Lee and Moon. 3 Other shape functions and their benefits are discussed in Refs. 4-6. These works are significant in that they discuss the use of shape functions and windows to achieve frequency or wave number roll-off with distributed sensors.
Discrete sensors can also be used to obtain wave number information. Maillard and Fuller used an array of accelerometers and digital signal processing to achieve the desired wave-number filtering. 7 This is accomplished by passing the accelerometer information through an array of finite impulse response filters that process the data to provide information on specific wave-number components. The wave-number filtering is achieved through software, as opposed to distributed sensors.
This paper presents results of a numerical investigation using an array of shaped PVDF sensors to act as low-pass filters of the spatial strain transform. An analytical model of a clamped-clamped Bernoulli-Euler beam is presented to obtain the beam's strain response, which is then used to obtain the response of point and distributed sensors. The choice of the distributed sensor shape is also investigated. Finally, the radiated power estimates using point and distributed sensors are compared to those predicted by theory.
I. ACOUSTIC RADIATION FROM STRUCTURES
The one-sided far-field acoustic power per unit width radiated from a beam undergoing sinusoidal vibration can be expressed as
where is the angular frequency, f is the fluid density, V(k x ) is the spatial Fourier transform of the beam velocity, k x is the beam wave number, and k f is the total fluid wave number. 8 Equation ͑1͒ shows that only the wave number components with magnitude less than or equal to k f , which are referred to as supersonic wave numbers, contribute to the far-field sound radiation. Therefore, if a suitable velocity wave-number spectrum is obtained, an estimate of the radiated power from the structure can be made using Eq. ͑1͒. Since the strain in the beam is related to the displacement, and hence the velocity, the strain wave-number transform can also be used to estimate the radiated power of the beam.
A. System model
The system studied is a Bernoulli-Euler damped beam of length L with clamped ends ͑see Fig. 1͒ Table I .
B. Natural frequencies
The transcendental equation for the system, obtained by setting the forcing function to zero in Eq. ͑2͒ and applying the appropriate boundary conditions, is
where k b is the beam bending wave number is the mass density of the beam, and is the radius of gyration for a rectangular section. 9 To obtain the undamped natural frequencies, the damping loss factor was set to zero in the transcendental equation. The first five roots for k b L and their corresponding frequencies are shown in Table II .
C. Forced solution
The equation of motion can also be solved to obtain an expression for the beam displacement response. Polyvinylidene fluoride ͑PVDF͒ generates a voltage signal that is proportional to the strain. Therefore, an analytical expression for strain is desired. The strain, ⑀, can be obtained from the displacement using the relationship ⑀͑x,t͒ϭϪy ‫ץ‬ 2 ͑x,t͒
Here, y is the distance from the neutral axis; the subscripts 1 and 2 refer to the beam sections before and after the excitation point, respectively; xϭ0 refers to the left-hand side of each section; and x 1 ϭx 0 and x 2 ϭLϪx 0 refer to the righthand side of sections one and two, respectively. The subscripted letters in Eqs. ͑4͒ are constants defined as
and the V i terms are constants given by 
For compactness, Eqs. ͑6͒ and subsequent equations use the following notation to express frequently occurring trigonometric and hyperbolic constants:
where the index, i, can take the value 1 or 2. The spatial Fourier transform of the strain, E(k x ,t), is given by
A typical strain response and strain transform spectrum is shown in Fig. 2 for a unit force located at x 0 ϭ0.64 m.
II. POWER IN TERMS OF THE STRAIN TRANSFORM
Given the strain transform, it is desirable to obtain an expression for radiated power in terms of this quantity. Making use of the relationship between the Fourier transform of a function, F(k x ), and the Fourier transform of the nth derivative of this function, f (n) (x), 10 namely
the displacement and strain transforms are related by the equation
Using Eq. ͑10͒ and assuming e jt time dependence, the power can be written in terms of the strain transform. This equation is
III. POINT SENSORS VERSUS DISTRIBUTED SENSORS
Individual strain sensors must be used to obtain an estimate of the beam wave-number spectrum. If point sensors are used, a sufficiently large number of sensors must be used to resolve the highest wave-number components of the wave-number spectrum. This number is based on the Nyquist criterion and if it is not met, then aliasing problems occur.
The Nyquist criterion specifies that a minimum of two sensors per wavelength must be used for the shortest wavelength that exists.
The number of sensors required to obtain a wavenumber spectrum estimate without aliasing problems can be reduced by the use of distributed sensors. Distributed sensors can be fabricated to reduce the sensitivity of the sensors to higher wave-number components. In this way, the aliasing is reduced and the number of sensors used can potentially be reduced.
A distributed strain sensor placed on the beam will output an electric signal proportional to the integrated strain over the area of the sensor. In equation form this proportion can be written as
where ⑀ d is the distributed strain result; x s is the center position of the sensor, x s Ϫa and x s ϩb correspond to the minimum and maximum locations of the patch, respectively, and s(x) is an arbitrary shape function. The form of the shape function used in this research is discussed in the next section.
IV. THE SHAPE FUNCTION
A distributed strain sensor effectively integrates the strain over the sensor area and a shape function can be introduced to vary the width of the sensor. This shape function can be chosen to provide spatial filtering. For this paper the shape function was chosen to provide low-pass filtering in the wave-number domain and is defined as 
where h(x) defines a Hamming window, 11 k c is the positive cutoff wave number, and l p is the full sensor length. Note that l p is the Hamming window length determined to provide the desired wave-number filter characteristics and is not necessarily equal to aϩb. For example, if s(x,xϽ0) is not part of the structure and s(x,xу0) is part of the structure, then aϭ0 and bϭl p /2. The corresponding Fourier transform of the shape function is
The sinc function provides the low-pass filter characteristics for the wave-number spectrum. A nontruncated sinc function would provide perfect low-pass wave-number filtering of the signal, while a finite function length causes the resulting signal to be nonzero for the domain ͉k x ͉Ͼk c . The Hamming window was chosen to provide a smooth roll-off of the signal to minimize leakage when the discrete Fourier transform is used.
A closed-form solution for the integral of Eq. ͑14͒ is not possible. However, by making use of the convolution properties of the Fourier transform, the perfect low-pass property of the sinc function and the finite window length S(k x ) can be written in terms of the Fourier transform of the Hamming window. The resulting expression is given by 
V. NUMERICAL MODEL AND SIMULATIONS
The desire is to design an array of distributed sensors that can be used to estimate a beam's radiated power over a given frequency range. Since the array is intended to be used over a range of frequencies, the tuning of the system to a specific frequency or set of frequencies is not an acceptable solution. The three design parameters considered are the number of sensors, the full patch length, and the cutoff wave number.
A. Description of model and parameters
The beam system is identical to that outlined in Sec. I. The amplitude of the forcing function is set to unity and the forcing location is 0.64 m ͑0.7 L͒ for all runs. The frequency of the forcing function changes for the various tests carried out. To determine the number of sensors required, one must first calculate the center to center sensor spacing ⌬x, which is dependent upon the highest fluid wave number to be included in the analysis. The application of interest in this paper is active control of radiation from structures, and is thus concerned primarily with the low-frequency behavior of the beam. Therefore, analysis will be limited to radiation into air for frequencies only up to the fifth beam resonance frequency. Using a fluid wave speed of 343 m/s and a value of 535 Hz for the fifth resonance frequency, the highest wave number of interest is 9.8 m
Ϫ1
. The maximum sensor spacing allowed to sufficiently sample up to this wave number, as set forth by the Nyquist criterion, is 0.32 m. Using this sensor spacing and requiring that the first and last sensors whose center positions, x s , are located on the beam be placed ⌬x/2 m from the beam ends, the minimum number of sensors required is three. A margin of safety is added by specifying that there be at least four sensors with center positions on the beam. The resulting sensor spacing is 0.23 m, which can resolve wave numbers up to 13.75 m
. The next parameters to be calculated are the patch length and cutoff wave number, which define the shape function.
These two parameters are chosen to attenuate the wavenumber components above the highest wave number resolvable as calculated above. Ideally, the sensors would provide very large attenuation above the design cutoff wave number, such as that provided by the (k c l p )ϭ30 curve in Fig. 3 . However, if a cutoff wave number of 9.8 m Ϫ1 is chosen, the corresponding patch length of 3.06 m becomes excessively large for the beam. Alternatively, if a more reasonable patch length of 0.5 m is chosen, then the corresponding cutoff wave number of 60 m Ϫ1 becomes excessively large for the sensor spacing chosen.
A compromise between the patch length and cutoff wave number must be made. A patch length of 0.6 m and a cutoff wave number of 6 m Ϫ1 provides a reasonable compromise. This combination of parameters provides attenuation of approximately 6 dB at 9.8 m
, approximately 11 dB at 13.75 m
, and 20 dB or more for wave numbers above 18 m Ϫ1 ͑see Fig. 4͒ . Although these attenuation levels are not as high as one might desire, the length and cutoff wavenumber values chosen provide sufficient attenuation of higher wave numbers to obtain reasonable estimates of the spectrum over the frequency and wave-number range of interest.
To estimate the radiated power, the frequency domain response of each patch is obtained from the time-domain signal using a temporal Fourier transform. A spatial discrete Fourier transform ͑DFT͒ of the array of frequency domain signals then provides an estimate of the wave-number spectrum. Given the excitation frequency, the fluid wave number can be determined. This fluid wave number and the wavenumber spectrum can then be used to estimate the radiated power by implementing Eq. ͑11͒. The full patch length of 0.6 m means that there are six full or partial patches on the beam. Table III provides 
B. Numerical results
Two types of numerical tests were carried out. The first is a frequency response for each patch. This was accomplished by sweeping the driving frequency of the force over the desired frequency range and recording the response level of each patch. The frequency response of patch 3 is shown in Fig. 6 .
The second type of test is a spatial DFT of the six patches at a given frequency, which corresponds to the strain wave-number transform. First the model was driven at 40.07 Hz, which corresponds to the first beam resonance frequency, and the patch levels recorded. A DFT of the data was then taken to obtain a strain transform spectrum. This procedure was repeated for the frequencies 110.45, 216.52, 357.92, and 534.67 Hz, which correspond to the next four resonance frequencies of the beam. In addition to the patch strain transforms, the theoretical and point strain transforms were also calculated for these frequencies. Sample plots of these results are shown in Figs. 7-9 . Next, the excitation frequency was set to 75, 160, 300, and 450 Hz, which are frequencies approximately midway between the resonance frequencies, and again a DFT of the strain results was calculated. Samples of these results are shown in Figs. 10 and 11 .
Two items must be noted concerning these plots. First, to offset the attenuation of the strain field due to the shape function, the shape function was normalized so that the integral of the shape function for a full patch was unity, 12 i.e., The application of this normalization introduces a shift of 10.5 dB to the filtered strain transforms. Second, to account for aliasing associated with the point sensors, the point strain transforms were shifted by Ϫ5.4 dB. This number represents the average overestimation of the point sensors at the first four resonance and first two off-resonance frequencies when compared to the maximum level of the theoretical strain transforms. The use of this correction for the point spectra assumes that the maximum level of the point spectrum should match the maximum level of the theoretical spectrum if the peak of the theoretical spectrum lies below the point Nyquist wave number. The final computations involve calculating the integral of ͉E(k x )͉ 2 over the range of supersonic wave numbers and estimating the radiated power from the beam using the strain transform results. Specific strain integrals were evaluated at the first five resonance frequencies and four frequencies between the resonance frequencies. Power estimates were obtained by performing a frequency sweep and implementing Eq. ͑11͒. The integral calculations use Simpson's 1/3 rule 13 to approximate the strain transform integral and the integral in Eq. ͑11͒. To circumvent problems associated with the poles at Ϫk f , 0, and k f of the radiated power equation, the range of integration used was Ϫ0.95k f рk x рϪ0.05k f and 0.05k f рk x р0.95k f . Each wave-number range was then divided into 50 equally spaced intervals and the theoretical, patch, and point transforms calculated. Shift factors were applied to the point and distributed strain transforms, as explained in the preceding paragraph. The results of the point and patch strain integral are presented in Table IV . The power predictions are presented in Fig. 12 .
C. Discussion
The frequency response for patch 3 ͑Fig. 6͒ clearly shows the expected first five resonances of the beam.
The strain transforms ͑Figs. 7-11͒ show that the patch results follow the theoretical values reasonably well for structural wave numbers below the fluid wave number, while the point results show significant differences from the theoretical results, not only in level, but also in form. Examining the predicted response at the first resonance frequency ͑Fig. 7͒ shows a number of key elements. The theoretical values go to zero at low wave numbers. This is an expected result, given the relationship between the strain and displacement spatial transforms ͓see Eq. ͑10͔͒ and is expected for all frequencies. The patch results show excellent agreement with the theoretical results. The patch result tends towards zero at low wave numbers with a level of approximately Ϫ170 dB at k x ϭ0. Conversely, the point results differ sharply from the theoretical values. The point result has a local maximum level near zero wave number and does not follow the shape of the analytical solution below the fluid wave number. This high level at low wave number is due to aliasing problems associated with the point sensors.
Given the sensor spacing and using the Nyquist criterion, the highest wave numbers that the point and patch arrays can resolve are 17.19 and 13.75 m
Ϫ1
, respectively. As can be seen from the theoretical curve, the strain transform levels are high above these k max values. Unlike the patches, which provide wave-number filtering to reduce the level of the high wave-number components, the point sensors provide no filtering and all of the wave-number components above k max are aliased back to the lower spectral lines. Another aspect that is apparent in Fig. 7 is the wrapping characteristic associated with the DFT. Both the point and patch results show a symmetry about their respective k max values.
Looking at the results of the third resonance ͑Fig. 8͒, one sees that the patch array has a similar shape to the theoretical curve. However, the locations and levels of their maxima do not correspond. The patch response overestimates the theoretical value by approximately 6 dB for positive wave numbers and underestimates the theoretical level by a similar amount for negative wave numbers. A deviation at low wave number is noticeable on the patch curve. However, this deviation occurs in the vicinity of Ϫ180 dB and does not have a significant effect on the overall shape of the curve. The point curve does not follow the shape of the theoretical curve and again has a high response at low wave numbers.
The response at the fourth resonance ͑Fig. 9͒ also shows a marked difference between the theory and patch levels. The levels of the patch response are higher than the theoretical values from a wave number of approximately 0.6-5 m Ϫ1 and lower than the theoretical values from 5 m Ϫ1 up to the maximum wave number of interest, which is the fluid wave number at 6.56 m oretical curve below the fluid wave number while the point response is affected by aliasing. The aliasing problem for the point array seems to be apparent at each driving frequency and could be due to the mixture of multiple modes of the beam. As before, the low wave-number deviations in the patch response become more pronounced at higher frequencies, but are still well below the maximum levels.
The values for the integrals of the squared magnitude of the strain transform in Table IV show that the patch results range from Ϫ1.6 to 3.0 dB when compared to the theoretical results. These deviations from the theoretical results, which are the integral estimates for resonances four and five, are not surprising considering the differences in the strain transforms predicted by theory and the patch array. Predictions for the other frequencies studied are all within 1 dB of the theoretical result. Unlike the patch results, the integral using the point sensors overestimated the theoretical values by 15.8-30.9 dB. These high overestimation predictions are caused by aliasing problems associated with the point array.
Since the ultimate goal of this research is to determine if shaped sensors can provide a means for obtaining an acceptable estimation of the radiated power, the power results presented in Fig. 12 provide an excellent criterion for assessing the performance of the point and patch sensors. As with the results for the integrals of the squared magnitude, the power calculations show the power calculations using the patch sensors are significantly better than the power results using the point sensors, when compared to the theoretical values. Both the point and patch results show a marked increase in predicted radiated power at low frequencies. However, if only the frequency range between 20 and 600 Hz is consid- ered, the spread for the patch sensor estimates is Ϫ1 to 3 dB, while the point sensor estimates have a spread of 36-68 dB.
VI. CONCLUSIONS
This paper presents a technique to obtain the far-field radiated power from a one-dimensional structure using an array of shaped polyvinylidene fluoride sensors. The distributed sensors are shaped to act as low-pass wave-number filters, since the radiated power depends only on the structural wave-number components whose magnitudes are less than or equal to the fluid wave number.
The results show that the shaped sensors provide a better approximation to the theoretical strain transform than do the point sensors. This is verified by the form of the functions, presented by plotting the individual strain transforms, and by integrating the squared magnitude of the strain transforms and comparing the results to the theoretical values. Overall, these results indicate good agreement with the analytical predictions. The errors for the integral of the squared magnitude of the strain transforms are all 3 dB or less when using the shaped sensors, compared to at least 15.8 dB when using the point sensors.
Power estimates using the strain transform results show that patch estimations are again considerably better than the point estimations when compared to the theoretical predictions. The power results indicate that the use of shaped sensors, as described in this paper, can provide a better estimate of a structure's radiated power than the use of discrete point sensors. The estimated powers using the shaped sensors are all within 3 dB of the actual power for most of the frequency range, while those using discrete point sensors overestimate the level by at least 36 dB for the same frequency range. These results indicate the ability for shaped sensors to provide significantly improved power estimates for applications that estimate radiated power from structural measurements.
